Abstract. Any traversally generic vector flow on a compact manifold X with boundary leaves some residual structure on its boundary ∂X. A part of this structure is the flowgenerated causality map Cv, which takes a region of ∂X to the complementary region. By the Holography Theorem from [K4], the map Cv allows to reconstruct X together with the unparametrized flow. The reconstruction is a manifestation of holographic description of the flow.
Basic facts about traversing vector fields and the holography they generate
We start with a short review of different types of vector fields on smooth manifolds with boundary.
Let X be a connected compact smooth (n + 1)-dimensional manifold with boundary. A smooth vector field v on X is called traversing if it admits a Lyapunov function F : X → R such that dF (v) > 0 everywhere in X. The trajectories of a traversing vector field are homeomorphic to closed segments or to singletons (see [K1] ).
In [K2] , we introduced a class of vector fields on X which we call traversally generic. By Theorem 3.5 from [K2] , the traversally generic vector fields form an open and dense set in the space of all traversing fields. Any trajectory γ of a traversally generic vector field generates a finite sequence ω = (ω 1 , . . . , ω q ) of natural numbers, the entries of the sequence correspond to v-ordered points of the set γ ∩ ∂X. Each point x ∈ γ ∩ ∂X contributes the multiplicity of tangency j(x) of γ to the boundary ∂X at x. The ordered list ω γ of these multiplicities is the combinatorial type of γ. For traversally generic vector fields, the combinatorial types ω γ of their trajectories belong to an universal (X-independent) poset Ω •
′ n] (see [K3] for its definition and proprties). Figure 1 shows the poset Ω • ′ 2] . Remarkably, for the traversally generic vector fields, the combinatorial type ω γ determines the v-flow in the vicinity of γ ⊂ X.
Let γ x denote the v-trajectory through x ∈ X. Any traversing vector field v on X produces a so called causality map C v which takes a portion ∂ in ∂X, where v is directed inward/outward of X or is tangent to ∂X. By the definition, C v (x) is the point y ∈ ∂ − 1 X(v) that resides in γ x ∩ ∂X above x ∈ ∂ + 1 X(v). When no such y exists, we put C v (x) = x. We stress that, in general, C v is a discontinuous map.
The boundary generic (see [K1] for the definition) and traversing vector fields form a wider class than the traversally generic vector fields, the focus of this paper.
For the reader convenience, let us state Theorem 3.1 from [K4] .
Theorem 1.1. (The Holography Theorem) Let X 1 , X 2 be two smooth compact connected (n + 1)-manifolds with boundary, equipped with traversing boundary generic fields v 1 , v 2 , respectively.
• Then any smooth diffeomorphism Φ ∂ : ∂X 1 → ∂X 2 , such that
extends to a homeomorphism Φ : X 1 → X 2 which maps v 1 -trajectories to v 2 -trajectories so that the field-induced orientations of trajectories are preserved. The restriction of Φ to each trajectory is a smooth diffeomorphism. If the fields v 1 , v 2 are traversally generic, then the conjugating homeomorphism Φ : X 1 → X 2 is a smooth diffeomorphism outside some closed subsets of codimension 3.
• If each v 1 -trajectory is either transversal to ∂X 1 at some point, or is simply tangent to ∂X 1 , then the homeomorphism Φ is a smooth diffeomorphism. In particular, this is the case for any concave vector field v 1 . ♦
The hypotheses in the second bullet of Theorem 1.1 are perhaps superfluous: we conjecture that the conjugating homeomorphism Φ : X 1 → X 2 is always a diffeomorphism.
The Holography Theorem provides us with a different window on compact smooth manifolds. In particular, it allows for a reconstruction of X from some data on its boundary ∂X. Thus the term "holography".
In particular, given a closed connected smooth (n+1)-manifold Y , we can delete a smooth (n + 1)-ball B from Y to form a manifold X with spherical boundary S n . Then there exists a traversally generic vector field v on X such that ∂ + 1 X(v) ⊂ S n is the Northern hemisphere K4] ). For such v, the causality map C v : S n + → S n − encodes complete topological information about X and thus about Y . These facts will motivate us in what follows.
Holographic Structures on Closed Manifolds
Let F(v) denote the oriented 1-dimensional foliation, generated by a traversing vector field v on a (n + 1)-dimensional manifold X. Theorem 1.1 tells us that the causality map
allows to restore the pair (X, F(v)) up to a homeomorphism (often a diffeomorphism) of X which is the identity map on the boundary ∂X.
The word "holography" in the name of the theorem is justified, since the information about the (n + 1)-dimensional bulk X and the v-flow on it is recorded via a map of two n-dimensional screens, ∂ F(v) ) presumes that the manifold X and the traversally generic field v on it, giving rise to the boundary-confined data (∂X, C v ), do exist.
For a traversally generic v, thanks to Lemma 3.4 from [K2] , we have "semi-local" models for the causality map C v in the vicinity of each C v -"trajectory"
where all the iterative C v -images of x are distinct. However, the question "Which pairs (∂X, C v ) arise from traversally generic fields v on some manifold X?" deserves attention and animates this paper.
For a traversing v, we may collapse each trajectory to a singleton, thus generating a quotient map Γ : X → T (v). We call the set T (v), equipped with the quotient topology, the trajectory space. For traversally generic vector fields v, the spaces T (v) are compact ndimensional CW -complexes, stratified by strata which are labeled by the elements K4] ). Moreover, for a traversally generic v on a (n + 1)-dimensional X, we can model locally the topological types of the Ω
Again, the question "Which compact Ω • ′ n] -stratified CW -complexes T can be produced as trajectory spaces T (v) of traversally generic pairs (X, v)? " remains open.
In the definitions below, we will develop a language that is appropriate for answering these questions.
First, we need to introduce some notations. With any ω = (ω 1 , . . . , ω q ) ∈ Ω • ′ n] , we associate two quantities: the norm |ω| = i ω i and the reduced norm |ω| ′ = i (ω i − 1).
The bizarre notation "Ω • ′ n] " indicates that this poset is formed from a "more universal" poset Ω • by considering only its elements ω whose reduced norms satisfy the constraint |ω| ′ ≤ n.
We denote by (u, x, y) a typical point in the product. We form a cylinder
whose base is an open polydisk. We denote by π the obvious projection of
We also consider the model real polynomial
where the variables x = def {x i,k } are considered in the lexicographic order.
In what follows, we assume that x < ǫ, where ǫ > 0 has been chosen so small that all the real roots of P ω (u, x) belong to a union of disjoint intervals in R with the centers at the real roots {i}. We use such ǫ to pick an appropriate cylinder Π ω (ǫ, r).
For a traversally generic vector field on X, the polynomial P ω (u, x) is instrumental in modeling the vicinity of each trajectory γ of the combinatorial type ω ( [K2] ).
To clarify this claim, let us consider the two types of semi-algebraic sets:
Here Z ω models X in the vicinity of a v-trajectory γ ⊂ X of the combinatorial type ω, W ω models ∂X, and the constant vector field ∂ u -the traversally generic vector field v. In fact, the existence of such special coordinates (u, x, y) in the vicinity of each v-trajectory of the combinatorial type ω may serve as a working definition of a traversally generic vector field. The local types of traversally generic fields on 3-folds are shown in Figure 1 . We assume that R × R n is oriented; from now and on, this orientation is fixed. The nonsingular hypersurface W ω ⊂ R × R n is oriented with the help of the normal gradient vector field ∇(P ω (u, x)) and the preferred orientation of R × R n .
We denote by π ω : Z ω → R n the obvious projection. For each vector x = def ( x, y) ∈ R n , we consider the connected components {π −1 ω, ρ (x)} ρ of the fiber π −1 ω (x) ⊂ Z ω over x (note that π −1 ω (x) does not depend on y). Next, we will be dealing with a family of elements {ω β ∈ Ω • ′ n] } β , indexed by β, a family of model polynomials {P β (u β , x β ) = def P ω β (u β , x β )} β , and a family of appropriate of the "virtual core trajectory", the axis of each cylinder.
cylinders {Π β = def Π ω β (ǫ β , r β )} β , equipped with the projections π β : Π β → R n , induced by the obvious projection π : R × R n → R n .
Definition 2.1. Let Y be a closed smooth n-manifold. A smooth (oriented) proto-holographic atlas on Y is an open cover {U β } β 1 of Y together with the following structures:
• for each index β, an element ω β ∈ Ω • ′ n] is chosen, • for each β, there exists a homeomorphism h β from U β onto a union of some connected components of the nonsingular real semi-algebraic set
• for any pair of indices β, β ′ , there is a (orientation preserving) C ∞ -diffeomorphism
of the hypersurfaces in R × R n such that
• for each x ∈ R n and each connected component π
and preserves the u β -and u β ′ -induced orders of points in the two fibers. Here x ′ ∈ R n and π
We say that a proto-holographic atlas is holographic if all the maps h β : U β → W β are onto. ♦ Remark 2.1. The last bullet of Definition 2.1 imposes conditions on h β,β ′ which are a relaxed version of the following better looking, but more stringent conditions: "h β,β ′ takes each fiber of the obvious projection
and preserves the natural orders of points in the two fibers". However, the geometry of traversing flows requires the more relaxed constraint from Definition 2.1. ♦ Example 2.1.
• Here is the most trivial example of a smooth proto-holographic atlas. Pick a smooth structure on Y by specifying an open cover {U β } β , where each U β is homeomorphic to an open n-ball D n , together with some homeomorphisms φ β : U β → D n ⊂ R n , and the linking diffeomorphisms
which satisfy the usual cocycle conditions. We associate the same element ω = (11) with each U β . Then let
and
The verification of all the properties, required for a proto-holographic atlas, is straightforward.
• The next example is a variation on the same theme. This time, each element U β of a proto-holographic atlas is homeomorphic to a disjoint union of two open n-balls D n . We associate the same element ω = (11) with each U β , but now
is surjective-the atlas is holographic. Note that, if there exists a smooth holographic structure on Y which is amenable to such a choice of charts {h β :
Y is a covering space with the fiber of cardinality 2 over some manifold
, and the map h σ :
by restricting it to the hypersurface h σ (V σ ∩ V σ ′ ).
• Two smooth proto-holographic atlases on Y are called equivalent if they admit a common refinement.
• A proto-holographic structure on Y is the equivalence class of smooth proto-holographic atlases on Y . ♦ Given a proto-holographic/holographic structure H on Y , any diffeomorphism Φ : Y → Y induces the pull-back proto-holographic/holographic structure Φ * H on Y . It is defined by the formulas:
Thus the group of smooth diffeomorphisms Diff(Y ) acts on the set of all proto-holographic/ holographic structures H(Y ) on Y . Consider H(Y ), the orbit set of this action. We have little to say about the modular space H(Y ), an interesting object to study... Remark 2.2. The proto-holographic structures do not behave contravariantly under general smooth maps of manifolds. However, a weaker version of the concept does. We call it appropriately "weak proto-holographic structure". In the second bullet of Definition 2.1, we will relax the requirement that h β : U β → W β is a homeomorphism onto a union of some components of the semi-algebraic set W β ; instead, we assume that h β : U β → W β is just a continuous map, while keeping the rest of the bullets enforced and adding the cocycle condition
for each triple of indices β, β ′ , β ′′ . ♦ Given a map π : A → B of two sets and a subset C ⊂ A, we denote by π ! (C) the set π −1 (π(C)) ⊂ A. Evidently C ⊂ π ! (C). When π : A → B is a map of topological spaces, we denote by π ! • (C) the union of connected components of π ! (C) that have nonempty intersections with C. Definition 2.3. Let Y be a closed smooth n-manifold. Consider the semi-algebraic set
where the polynomial P β is of the type (2.1). We denote by π β the obvious projection of Z β on R n . We say that a smooth holographic atlas {U β , h β } β on Y is ( orientably) fillable if:
• for any pair of indices β, β ′ , the (orientation-preserving) C ∞ -diffeomorphism
of the (∇P β -oriented) hypersurfaces in R×R n extends to a (orientation-preserving)
, so that H β,β ′ maps every connected component of each fiber of the projection
and preserves their orientations, • for any triple of indices β, β ′ , β ′′ ,
We say that a holographic structure H on Y is ( orientably) fillable, if H is represented by a holographic atlas which is (orientably) fillable. ♦ Remark 2.3 Note that the quotient
Remark 2.4 Given two proto-holographic/holographic atlases on closed smooth manifolds Y 1 and Y 2 of equal dimensions, one can form a proto-holographic/holographic atlas on Y 1 Y 2 by considering the obvious disjoint union of atlases. Similarly, given two holographic fillable atlases on Y 1 and Y 2 , the obvious union of atlases is a holographic fillable atlas on Y 1 Y 2 . These observations could lead to the notion of cobordism between two proto-holographic atlases/structures H 1 and H 2 on Y 1 and Y 2 , respectively: it is tempting to define H 1 to be cobordant to H 2 if H 1 −H 2 is fillable. Alas, such "cobordism" is not an equivalence relation!
In the future papers, we will introduce a proper notion of a cobordism relation between traversally generic vector fields on manifolds with boundary and will generalize this notion to cobordisms between holographic structures. ♦ Theorem 2.1.
• Any traversally generic vector field v on a (oriented) compact manifold X with boundary gives rise to a smooth holographic (orientably) fillable structure H(v) on the manifold Y = ∂ 1 X.
• Conversely, any smooth holographic (orientably) fillable structure H on Y arises from a traversally generic field v on a (oriented) manifold X whose boundary is diffeomorphic to Y .
Proof. Consider a traversally generic field v on X. By Lemma 3.4 from [K2] , X has a v-adjusted cover {V β } β by connected sets V β which admit special coordinates (u β , x β , y β ) as in (2.1). With each set V β we associate the combinatorial type ω β ∈ Ω • ′ n] of the core trajectory γ β ⊂ V β (given by the equations x β = 0, y β = 0). In these coordinates, ∂X ∩ V β is given by a polynomial equation P β (u β , x β ) = 0 (as in (2.1)) and V β -by the inequality P β (u β , x β ) ≤ 0. These two local descriptions are coupled with the P β -correlated inequalities x β < ǫ β , y β < r β , designed to partition real roots of u β -polynomials {P β (u β , x β )} x β into separate groups, the groups being labeled by the roots of P β (u β , 0) (see Lemma 3.4 from [K2] ).
Let H β : V β → Z β ⊂ R n+1 be the diffeomorphism, given by the local coordinates (u β , x β , y β ). We denote by h β its restriction to the boundary portion
By fixing the coordinates ( x β , y β ) and a marker u ⋆ β ∈ R such that P β (u ⋆ β , x β ) ≤ 0, we are getting the H β -images of the v-trajectories γ ⊂ V β , residing in the set
We define a diffeomorphism
Due to the nature of the local coordinates (u β , x β , y β ), H β,β ′ takes each connected component of every fiber of the u-directed projection
It preserves the u-induced orientation of the π-fibers. Note that
. Evidently, for any triple β, β ′ , β ′′ , we obtain the identity
. Thus {U β , h β , h β,β ′ } form a holographic atlas on ∂X, which is fillable. The validation of this claim is on the level of definitions. Now we turn to the validation of the second bullet in Theorem 2.1. Consider a fillable holographic atlas {U β , h β , h β,β ′ } β on Y (as in Definition 2.3). In particular, we have the diffeomorphisms
to play with.
Consider the hypersurface
Let X denote a quotient of the space β Z β by the following equivalence relation:
We denote by q : β Z β → X the quotient map that takes each point z to its equivalence class q(z). Evidently, for each index β, q :
It is on the level of definitions to verify that X is a smooth compact (n + 1)-manifold with the smooth structure being defined by the atlas
and with the boundary ∂X = ∪ β q(W β ) being diffeomorphic to Y . Moreover, X admits a 1-dimensional foliation F u with oriented leaves. Indeed, each chart q(Z β ) comes equipped with a 1-dimensional foliation F β , generated as the q-image of the connected components of fibers of the projection π β : Z β → R n . Since the gluing diffeomorphisms {H β,β ′ } take components of the fibers of π : Z β ′ β → R n to components of the fibers of π : Z β β ′ → R n and preserve their orientation, these local foliations F β produce a globally defined foliation F u on X with oriented leaves. We can equip X with a Riemannian metric g. Let v be the unit vector field tangent to the leaves of F u and coherent with their orientation. By the very construction of F u from the traversally generic building blocks {Z β } β , the field v is traversally generic.
Thus, via this construction, we have built the desired pair (X, v) from a given fillable holographic atlas.
Corollary 2.1. If a closed smooth manifold Y admits a (orientably) fillable holographic structure, then Y is a boundary of a (orientable) smooth manifold X. ♦ Now, we would like to recall briefly the definition and construction of the Morse stratifications ( [Mo] )
, induced by a boundary generic vector field v on X. For a boundary generic v, all the loci {∂ j X(v)} j are closed manifolds, and the loci {∂ ± j X(v)} j are compact manifolds (possibly, with boundary).
Let ∂ j X = def ∂ j X(v) denote the locus of points x ∈ ∂X such that the multiplicity of the v-trajectory γ x through x at x is greater than or equal to j.
We may embed the compact manifold X into an open manifoldX of the same dimension, so that v extends smoothly to a non-vanishing vector fieldv inX. We treat the extension (X,v) as "a germ at (X, v)".
With the help of embedding, the locus ∂ j X = def ∂ j X(v) has a description in terms of an auxiliary function z :X → R that satisfies the following three properties:
• 0 is a regular value of z, • z −1 (0) = ∂X, and
In terms of z, the locus ∂ j X = def ∂ j X(v) is defined by the equations:
v stands for the k-th iteration of the Lie derivative operator L v in the direction of v (see [K2] ). The pure stratum ∂ j X • ⊂ ∂ j X is defined by the additional constraint L Any proto-holographic structure H on Y generates some "proto-objects", familiar from our study of traversally generic vector fields. Among them is the stratification {∂ j Y } 1≤j≤n+1 of Y by submanifolds of codimension j, an analogue of the Morse stratification {∂ j X(v)} 1≤j≤n+1 . When H is holographic, we can also construct the surrogate "trajectory space" T (H) and the partially-defined "causality map" C H : Y → Y . Constructions of such H-induced objects are explicitly described in the proof of the following lemma.
Lemma 2.1. Every smooth proto-holographic structure H on a closed n-manifold Y gives rise to a stratification {∂ Proof. Consider a proto-holographic atlas H = {U β , h β , h β,β ′ } on Y . Recall that any point
, defined as the multiplicity of the appropriate root u ⋆ β of the u β -polynomial P β (u β , x β ). In fact, j(z ⋆ β ) can be detected just in terms of the localized maximal cardinality of fibers of the map π : W β → R n , the fibers which are contained in a corresponding connected component of a fiber of π : Z β → R n . Here we localize the fibers of π : W β → R n to the vicinity of z ⋆ β in the hypersurface W β . Indeed, if j(z ⋆ β ) is an even number, then any small neighborhood of z ⋆ β contains ∂ u β -trajectories in Z β of the combinatorial type (122 . . . 21), where the number of 2's is (j(z ⋆ β ) − 2)/2; if j(z ⋆ β ) is an odd number, then any small neighborhood of z ⋆ β contains trajectories in Z β of the combinatorial type (122 . . . 2), where the number of 2's is (j(z ⋆ β ) − 1)/2 (see the arguments in the beginning of the proof of Theorem 3.1 from [K4] ). Note that the odd and even multiplicities are distinguished by their local topology.
Thus, for any y ∈ U β ⊂ Y , the point z β = def h β (y) acquires multiplicity j β (z β ). By the property of h β,β ′ , described in the fourth bullet of Definition 2.1, the points in the fibers of π β : h β (U β ∩ U β ′ ) → R n , which belong to the same connected component of the corresponding fiber π β : Z β → R n , are mapped to the points in the fibers of π β ′ : h β ′ (U β ∩ U β ′ ) → R n , which also belong to a connected component of the corresponding fiber π β ′ : Z β ′ → R n . Therefore, employing this property of diffeomorphism h β,β ′ and interpreting the multiplicities in terms of π-fibers' cardinalities, we get j β ′ (h β ′ (y)) = j β (h β (y)) when y ∈ U β ∩ U β ′ .
Consider the stratification {∂
We have seen that a proto-holographic atlas H helps to define a stratification {∂ j Y = def ∂ j Y (H)} 1≤j≤n+1 of Y by closed submanifolds: just put
The stratification {∂ j Y (H)} 1≤j≤n+1 can be refined to a stratification
by compact submanifolds such that
Let us describe its construction. By Theorem 2.2, the stratification {∂
generated by the field ∂ β , is characterized in terms of the polynomial P β as follows:
In fact, the sign of the derivative ∂ j ∂u j P β (u β , x β ) at a root u β of multiplicity j can be determined by the simple combinatorial rule: consider the real divisor D P β ( x β ) of the u β -polynomial P β (∼, x β ) and decompose its support sup(D P β ( x β )) into "atoms" and "strings" as in Figure 3 . Then any root of even multiplicity, which is an atom, is assigned the polarity "−", any root of even multiplicity which is inside of a string is assigned the polarity "+", any root of odd multiplicity, forming the lower end of a string, is is assigned the polarity "+", while any root of odd multiplicity, forming the upper end of a string, is is assigned the polarity "−" 2 .
2 3 2 7 4 5 4 2 3 1 4 6 4 1 2 3 2 7 5 4 2 3 1 4 6 4 1 4 Therefore, the polarity ± of a point z ∈ ∂ j W β is determined by the ordered sequence of intersection points of the ∂ β -trajectory γ z ⊂ Z β trough z = (u β , x β , y β ) 3 with the hypersurface W β , each intersection point z being considered with its multiplicity j β (z). As the combinatorial rule above implies, the polarities attached to each intersection z ∈ γ z ∩W β depend only on the multiplicities and the order of points from γ z ∩ W β along γ z . Again, by the fourth bullet of Definition 2.1, this kind of data are preserved under the smooth change of coordinates h β,β ′ :
)} β produce the desired globally-defined stratifications.
Given holographic atlas H, let us turn to the construction of the causality map
β (h β (y)) of the map π β : h β (U β ) ⊂ R × R n → R n , which contains h β (y), take h β (y) to the point z with the minimal first coordinate u β (z) > u b (h β (y)) and such that
. Since H is a holographic structure, the map C H is well-defined for all
2 these signs are opposite to the signs of the lowest order non-trivial derivatives
These trajectories {γz} produce the strings and atoms in sup(DP β ( x β )).
This local construction of C H (y) does not depend on the choice of a chart U β which contains y. Indeed, let y ∈ U β ∩ U β ′ , z β = h β (y), and F β (y) = π −1 β π β (z β ) ⊂ Z β . Similar notations are introduced for the map h β ′ . Then, according to the fourth bullet in Definition 2.1, the connecting diffeomorphism h β,β ′ maps each portion F • β (y) of the fiber F β (y) ∩ W β that belongs to the same connected component of the fiber F β (y) ⊂ Z β onto a corresponding portion F ′ • β ′ (y) of the fiber F ′ β ′ (y) ∩ W β ′ that belongs to the same connected component of the fiber F ′ β ′ (y) ⊂ Z β ′ . Moreover, h β,β ′ respects the u β -induced order of points in F • β (y) and the u β ′ -induced order of points in F ′ • β ′ (y). The two locally-defined causality maps,
operate within the sets h
, respectively. Thus, by employing same combinatorial rules (which depend only on the intrinsically-defined polarities of the corresponding points), by the third bullet in Definition 2.1, we get that C H,β (y) = C H,β ′ (y).
With the given holographic atlas H on Y in place, we declare two points y 1 , y 2 ∈ Y to be equivalent if there exists y 0 ∈ Y such that both y 1 and y 2 can be obtained as images of y 0 under iterations of the causality map C H . We denote by T (H) the quotient space of Y by this equivalence relation and call it the trajectory space of H. The obvious finitely-ramified map Γ H : Y → T (H) helps to define the quotient topology in the trajectory space T (H).
Note that, for each y ∈ U β , the vicinity of the point Γ H (y) in T (H), is modeled after the standard cell complex T ω as in Theorem 5.3 from [K3] , where ω ∈ (ω β ) ⊂ Ω • ′ n] . Indeed, the obvious projections W β ⊂ Z β → T ω β , with the help of h Proof. By Theorem 2.1, the fields v i (i = 1, 2), give rise to fillable holographic structures H(v i ). By Lemma 2.1, H(v i ) canonically produces the causality map C H(v i ) (which happen to coincide with the causality map C v i ). By the hypotheses, H(v 1 ) = H(v 2 ), which implies the equality
Remark 2.5. In principle, in accordance with Theorem 2.1, a given fillable holographic structure H on Y , may have many realizations {H(v)} by traversally generic fields v on a variety of X's whose boundary is Y . However, Holography Theorem 1.1 claims that the topological (often smooth) type of X, together with the v-induced oriented foliation F(v), is determined by H via the causality map C H = C v . ♦ Definition 2.4. Let H be a smooth holographic structure on Y and T (H) its trajectory space.
A continuous function h :
We denote by C ∞ (T (H)) the algebra of holographically smooth functions on T (H). Via the induced monomorphism 4 Γ * H , the algebra C ∞ (T (H)) maps onto a subalgebra
♦ Corollary 2.3. Let H be a holographic structure on a closed smooth manifold Y . Then H determines the algebra C ∞ (T (H)) of holographically smooth functions on the trajectory space T (H) as a subalgebra
, where Φ * H denotes the Φ-induced holographic structure.
Proof. By Lemma 2.1, the obvious maps Γ H : Y → T (H) and Γ Φ * H : Y → T (Φ * H) are defined, via the proto-causality maps C H and C Φ * H , in terms of the structures H and Φ * H, respectively.
It is on the level of definitions to check that Φ • Γ Φ * H = Γ H . Therefore, using that Φ is a diffeomorphism, we get that Φ * :
is an isomorphism of algebras.
Question 2.1. Does the pair of algebras
♦ Now let us combine Holography Theorem 1.1 with Theorem 2.1 into a single proposition.
Theorem 2.2. (The Holographic Principle)
• For a traversally generic vector field v on a (oriented) compact connected smooth manifold X, the topological type of (X, F(v)) is determined by the v-induced (orientably) fillable holographic structure H(v) on ∂X.
• Conversely, any (orientably) fillable holographic structure H on a closed manifold Y is of the form H(v) for a traversally generic field v on some (orientable) manifold X such that ∂X = Y . Moreover, the topological type of the pair (X, F(v)) is determined by H. • When, in addition, v is as in the second bullet of Theorem 1.1, then H(v) determines the smooth topological type of (X, F(v)).
• Conversely, if a fillable holographic structure H on Y is based on the combinatorial types ω / ∈ (33) ∪ (4) , then H determines the smooth topological type of the pair (X, F(v)), where ∂X = Y and H(v) = H.
Proof. By Theorem 2.1, any traversally generic field v on X gives rise to a fillable holographic structure H(v) on ∂X.
On the other hand, by the same Theorem 2.1, any given fillable holographic structure H on a closed manifold Y produces a traversally generic vector field v on some X such that ∂X = Y .
By Lemma 2.1, the causality map C v can be described intrinsically in terms of H(v) as the map C H(v) : (H(v) ). By Holography Theorem 1.1, C v allows for a reconstruction of the topological type of the pair (X, F(v)). Therefore, C H(v) does the same job.
Finally, v is as in the second bullet of Theorem 1.1, if and only if its trajectories have the combinatorial types ω / ∈ (33) ∪ (4) . Thus if a fillable H is based on the combinatorial types ω / ∈ (33) ∪ (4) , then any H-generated v is as in the second bullet of Theorem 1.1 and hence its causality map C v allows for a reconstruction of the smooth type of (X, F(v)).
Holographic Structures on Homotopy Spheres
The smooth structures on homotopy spheres have been a favorite subject in topology for a number of years. To support the tradition, we will make few superficial observations about the holographic structures on homotopy spheres and their relations to the underlying smooth structures. Stated loosely, our main remark here is that the universe of fillable holographic structures on smooth homotopy spheres maps surjectively on the universe the exotic spheres, so that the map is a homomorphism of the semigroups.
In the end of Section 1, we have noticed that the universe of fillable holographic structures even on the standard sphere S n is at least as rich as the universe of smooth types of closed (n + 1)-manifolds! Let us recall one old appealing result of Wall [Wa] , the classification of smooth highly connected even-dimensional manifolds:
Theorem 3.1. (Wall) For n ≥ 3 the diffeomorphism class of (n − 1)-connected 2n-manifold X with boundary a homotopy sphere are in natural bijections with the isomorphism classes of Z-valued non-degenerate (−1) n -symmetric bilinear forms with a quadratic refinement in π n (BSO(n))
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. ♦ Remark 3.1. Recall that, if a homotopy sphere Σ 2n−1 , n ≥ 3, bounds a framed smooth (2n)-manifold Y , then by surgery, Σ 2n−1 bounds a framed (n − 1)-connected manifold X (cf. [Kos] , Theorem 2.2 on page 201). Therefore, all such spheres satisfy the hypotheses of Theorem 3.1. ♦ Theorem 2.2 implies the following result.
Corollary 3.1. Let H {fill} Σ 2n−1 denote the set of orientably fillable holographic structures on smooth homotopy (2n − 1)-spheres.
For n ≥ 3, the set H {fill} Σ 2n−1 maps to the set of isomorphism classes of non-degenerate Z-valued (−1) n -symmetric bilinear forms on free finite-dimensional Z-modules.
Any non-degenerate bilinear form Φ : M ⊗ M → Z on a free Z-module M , that admits a quadratic refinement µ as in (3.1), is in the image of that map.
Proof. Let H be an orientably fillable holographic structure on a homotopy sphere Σ 2n−1 . By Theorem 2.2, such H is of the form H(v) for some traversally generic v on an oriented smooth manifold X whose boundary is Σ 2n−1 . Moreover, the topological type of X is determined by H = H(v).
Let Φ H : H n (X; Z)/Tor) ⊗ H n (X; Z)/Tor → Z be the bilinear (−1) n -symmetric intersection form on X. Since ∂X is a homotopy sphere, the form Φ H is non-degenerate over Z.
Thus we have mapped any orientably fillable holographic structure H on a homotopy (2n − 1)-sphere to the bilinear form Φ H .
Let us show that any bilinear (−1) n -symmetric non-degenerate over Z form Φ : M ⊗M → Z on a finitely-dimensional free Z-module M can be produced this way, provided that Φ is enhanced by a quadratic form µ : M → Z/ 1 − (−1) n . Recall that the relations between Φ and µ are described by the formulas:
for any a, b ∈ M . Note that the RHS of the formula for Φ(a, a) is well-defined as an element of Z. By Theorem 3.1, any such pair (Φ, µ) is realized on some smooth orientable (n − 1)-connected 2n-manifold X which bounds a homotopy sphere Σ 2n−1 . For such X, H n (X; Z) ≈ M and Φ becomes the intersection form. The quadratic form µ : H n (X; Z) → Z/ 1−(−1) n is defined by the self-intersections of immersed spheres S n ∝ X.
By Corollary 4.1 from [K1] and Theorem 3.5 from [K2] , X admits a traversally generic vector field v. By Theorem 2.2, v induces an orientably fillable holographic structure H(v) on Σ 2n−1 . Therefore Φ = Φ H(v) .
Let X 1 bounds a homotopy k-sphere Σ 1 , and X 2 a homotopy k-sphere Σ 2 . Consider two traversally generic fields: v 1 on X 1 and v 2 on X 2 . By attaching a 1-handle H = def D 1 × D k to Σ 1 Σ 2 , we form a new manifold X = def X 1 # ∂ X 2 that bounds the homotopy sphere Σ = def Σ 1 #Σ 2 . The 1-surgery can be performed so that the fields v 1 and v 2 extend over the 1-handle H to form a traversally generic field v on X such that the following diffeomorphisms are valid:
These formulas describe that the handle H has a bottleneck with respect to the v-flow. The construction of the field v uses a v 1 -adjusted regular neighborhood U 1 of a v 1 -trajectory of the combinatorial type (11) and a v 2 -adjusted regular neighborhood U 2 of a v 2 -trajectory of the combinatorial type (11). Outside of U 1 U 2 the field v coincides with v 1 v 2 .
This boundary connected sum construction produces a holographic cobordant to ∅ structure
Lemma 3.1. Let H(v i ) be an orientably fillable holographic structure on a homotopy (2n − 1)-sphere Σ i , i = 1, 2.
Then the bilinear Z-form Φ H(v) that, according to Corollary 3.1, corresponds to the orientably fillable holographic structure
Proof. Employing the construction from the proof of Corollary 3.1, the validation of the lemma is at the level of definitions.
We leave to the reader to discover a generalization of the boundary connected sum construction H(v) = def H(v 1 )# ∂ H(v 2 ) for any pair of fillable holographic structures. This generalization will produce a holographic structure H = def H 1 # ∂ H 2 on Σ = def Σ 1 #Σ 2 , utilizing two given holographic structures: H 1 on Σ 1 and H 2 on Σ 2 . Each of these two structures H i (i = 1, 2) is enhanced by a choice of a pair of "base" points s Note that the trajectory space T (H 1 # ∂ H 2 ) is obtained from the spaces T (H 1 ) and T (H 2 ) by gluing them along some n-disks D n 1 and D n 2 , the disk D n i resides in the maximal (i.e., indexed by ω = (11)) stratum of T (H i ). converts the set of all based holographic structures on smooth homotopy n-spheres into a semigroup (monoid) HΣ n . The associativity of the operation in (3.2) is evident.
The order of two holographic structures H 1 and H 2 in the operation "# ∂ " does matter: we think of Σ 2 as residing "above" Σ 1 , at least in the vicinity of points s − 1 ∈ Σ 1 and s + 2 ∈ Σ 2 where the "virtual" 1-handle H, responsible for the operation, is attached.
It seems that the holographic structure H 1 # ∂ H 2 indeed may depend on the choice of base pairs (s 2 ) and may change at least when they have been chosen in different connected components of the pure strata of the combinatorial type (11) in Σ 1 or in Σ 2 .
The reader should be aware: now we are entering The Speculation Zone...
(see [Mi] , [KM] ), Θ n is an abelian group. The role of opposite element −[Σ n ] is played by the homotopy sphere Σ n , taken with the opposite orientation.
Lemma 3.2. For n = 4, under the connected sum operation, the sets HΣ st n and H {fill} Σ st n are groups.
Proof. Given a based holographic structure (H; s + , s − ) on Σ n , represented by an atlas A = def {h β : U β → R n × R}, consider the based holographic structure ( ¬ H; s + , s − ) represented by the same atlas A on Σ n with the orientation of Σ n being reversed. The holographic structure H# ∂ ¬ H is defined on the homotopy sphere Σ n # − Σ n . By the h-cobordism theorem, Σ n #(−Σ n ) ≈ S n for any n = 4. Thus the holographic structure H# ∂ ¬ H is defined on S n , and thus is trivial in HΣ st n . The same argument applies to the based fillable holographic structures on the homotopy spheres.
Corollary 3.2. For n = 4, the forgetful map K st n : H {fill} Σ st n → Θ n that takes each pair (an exotic sphere, the stable equivalence class of a fillable holographic structure on it) to the exotic sphere is a group epimorphism.
Proof. Smooth homotopy spheres are stably parallelizable manifolds (see [Kos] , Corollary 8.6). So, their Pontrjagin and Stiefel-Whitney characteristic classes vanish. Therefore any homotopy sphere Σ n bounds an oriented manifold X (see [CF] ).
By Theorem 3.5 from [K2] , X admits a traversally generic vector field v which generates a fillable holographic structure H(v) on Σ n . As a result, any homotopy sphere admits a fillable holographic structure. By piking a pair of based points, we convert this structure to a based one. Thus the forgetful map K st n is surjective. By Lemma 3.2, it is a homomorphism of groups.
Thanks to the pioneering works of Kervaire & Milnor [KM] , Browder [Br] , and recently, of Hill, Ravenel, & Hopkins [HHR] , the groups Θ n , n = 4, are well-understood 6 in terms of the stable homotopy groups of spheres π st n and of the homomorphism
where N ≫ n. So, for n = 4, the group of stably equivalent holographic structures on homotopy nspheres is at least as rich as its abelian image Θ n .
Against the background of our investigations of traversally generic flows, the kernels of the forgetful maps K st n : HΣ st n → Θ n and K n : HΣ n → Θ n are interesting objects to study. Another challenging and interesting problem is to say something about the structure of the sizable quotient H {fill} S n H {ball−fill} S n .
